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FREE INVOLUTIVE HOM-SEMIGROUPS AND HOM-ASSOCIATIVE ALGEBRAS
LI GUO AND SHANGHUA ZHENG
Abstract. In this paper we construct free Hom-semigroups when its unary operation is multiplica-
tive and is an involution. Our method of construction is by bracketed words. As a consequence, we
obtain free Hom-associative algebras generated by a set under the same conditions for the unary
operation.
Contents
1. Introduction 1
2. Involutive Hom-semigroups 2
3. Free involutive Hom-semigroups 3
3.1. The construction by bracketed words 4
3.2. The proof of Theorem 3.3 6
4. Free involutive Hom-associative algebras on a set 8
References 9
1. Introduction
A Hom-Lie algebra is a generalization of a Lie algebra. It consists of a vector space L, a
bilinear skew-symmetric bracket [·, ·] : L ⊗ L → L and a linear self-map α : L → L such that the
Hom-Jacobi identity holds
[α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0.
Thus when α is the identity map, a Hom-Lie algebra is just a Lie algebra. The concept of a
Hom-Lie algebra was introduced in [4] to describe the structures on certain deformations of the
Witt algebra and the Virasoro algebra. But related constructions could already be found in earlier
literature [1, 6, 7].
As is well-known, an associative algebra gives a Lie algebra by taking the commutator bracket.
To give a similar approach to Hom-Lie algebra, Makhlouf and Silvestrov [12] introduced the con-
cept of a Hom-associative algebra (A, µ, α) in which the binary operation µ satisfies an α-twisted
version of the associativity. Afterwards, Yau [17] constructed the enveloping Hom-associative
algebra of a Hom-Lie algebra. Since then the concepts of various other Hom-structures have been
introduced with broad connections in mathematics and mathematical physics [5, 12]. See [9, 10,
11, 13, 14, 15, 16, 17] for further results in this direction.
While it did not pose much difficulty in establishing the concepts of Hom-generalizations for
many algebraic structures, their studies often turned out be much more challenging than their
classical counter parts. One case in point is the construction of free objects. Even though explicit
constructions of many algebraic structures are known, such constructions have been established
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for very few Hom-algebraic structures. Even the explicit construction of the most classical
algebraic structure, namely of free Hom-associative algebras are not known. See [17] for the
construction of free Hom-associative algebras as quotients of free Hom-nonassociative algebras.
Note that the construction of a free algebra on a set essentially comes from the construction
of a free semigroup on the set. From this viewpoint, we introduce the concept of a Hom-
semigroup in this paper and provide an explicit construction of free objects for a special yet
important class of Hom-semigroups, namely the involutive Hom-semigroups. In fact in the
literature, the involutive condition is often assumed for a Hom-Lie algebra or Hom-associative
algebra [13]. As a consequence we obtain an explicit construction of free involutive Hom-
associative algebras. After giving the concepts and basic examples or Hom-semigroups, we first
construct free involutive Hom-semigroups in Theorem 3.3. We then obtain the construction of
a free involutive Hom-associative algebra on a set by a simple linear span of the free involutive
Hom-semigroup. This is given in Theorem 4.2. Further study of Hom-associative algebras and
Hom-Lie algebras will be continued in a future work.
2. Involutive Hom-semigroups
In this section, we introduce the notions of Hom-semigroup and involutive Hom-semigroup,
and give some examples.
Definition 2.1. (a) A Hom-semigroup is a set S together with a binary operation µ (that will
often be suppressed from the notation: µ(x, y) = xy) and a unary operation α on S that
satisfy the Hom-associative law:
α(x)(yz) = (xy)α(z), for all x, y, z ∈ S .
(b) A Hom-semigroup (S , µ, α) is called multiplicative if α(xy) = α(x)α(y) for all x, y ∈ S .
(c) A Hom-semigroup (S , µ, α) is called involutive if it is multiplicative and α2 = id, the
identity map on S .
(d) Let S := (S , µ, α) and S ′ := (S ′, µ′, α′) be two Hom-semigroups. A set map f : S → S ′
is called a morphism of Hom-semigroups if f (µ(x, y)) = µ′( f (x), f (y)) and f (α(x)) =
α′( f (x)) for all x, y ∈ S . A morphism of Hom-semigroups f is called an isomorphism if
f is a bijection.
By taking α = id in a Hom-semigroup, we see that every semigroup is not only a Hom-
semigroup but also an involutive Hom-semigroup. But a Hom-semigroup is not necessarily a
semigroup in general, as we can see from the following example.
Example 2.2. Let S = {x, y, z }. Define a binary product on S by the following Cayley table:
· x y z
x y x z
y y y z
z z z z
Further define a set map α : S → S by
α(x) = α(y) = α(z) = z.
Then we can check that (S , ·, α) is a Hom-semigroup. But since (xy)x = xx = y and x(yx) = xy =
x, (S , ·) is not a semigroup.
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We next construct a Hom-semigroup from any given semigroup S . If a semigroup S with at
least two elements contains an element 0 such that
x0 = 0x = 0, for all x ∈ S ,
then the element 0 is called a zero element of S , and that S is a semigroup with zero. As can be
easily checked, a zero element of a semigroup is unique. If S has no zero element, we can adjoin
a new element 0 to S and define
x0 = 0x = 00 = 0, for all x ∈ S .
Then the associativity still holds in the extended set S ∪{0}, making it a semigroup with zero. We
define
S 0 :=
{
S , if S has a zero element,
S ∪ {0}, otherwise.
With this notation, we have
Proposition 2.3. Let S be a semigroup. Define a set map α0 : S 0 → S 0 by α0(x) := 0 for all
x ∈ S 0. Then S 0 with the set map α0 is a Hom-semigroup.
Proof. We check that α(x)(yz) = 0 = (xy)α(z) holds for all x, y, z ∈ S . Thus (S , α) is a Hom-
semigroup. 
We next give an example of an involutive Hom-semigroup.
Example 2.4. Let S = {x, y, z }. Define a binary product on S by the following Cayley table.
· x y z
x y x z
y y x z
z z z z
We further define a set map α : S → S by taking
α(x) = y, α(y) = x, α(z) = z.
Then we have α2 = id and α(ab) = α(a)α(b) for all a, b ∈ S . In order to prove that (S , ·, α) is an
involutive Hom-semigroup, we only need to verify the Hom-associative law:
α(a)(bc) = (ab)α(c) for all a, b, c ∈ S .
By the above Cayley table and α(z) = z, the Hom-associativity holds if one of a, b, c is taken to
be z. Thus it remains to prove that the Hom-associativity holds for a, b, c ∈ {x, y}. We divide into
the following eight cases to consider.
a = b = c = x; a = b = x, c = y; a = c = x, b = y; b = c = x, a = y;
a = b = c = y; a = b = y, c = x; a = c = y, b = x; b = c = y, a = x.
The verification of the Hom-associativity in each case is simple. For example, taking a = c =
x, b = y we have α(x)(yx) = yy = x and (xy)α(x) = xy = x. Then α(x)(yx) = (xy)α(x).
3. Free involutive Hom-semigroups
In this section, we construct the free involutive Hom-semigroup generated by a set. The
construction will be given by bracketed words. We will carry out the construction in Section 3.1
that leads to Theorem 3.3, our main result of this paper. We then provide the proof of this theorem
in Section 3.2.
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3.1. The construction by bracketed words. We start with the basis definition of the free invo-
lutive Hom-semigroup on a set.
Definition 3.1. A free involutive Hom-semigroup on a set X is an involutive Hom-semigroup
(F(X), ∗, α) with a set map jX : X → F(X) such that, for any involutive Hom-semigroup (S , ·, β)
and any set map f : X → S , there is a unique homomorphism f : F(X) → S of Hom-semigroups
such that f ◦ jX = f .
We first start with a construction of the set of the free involutive Hom-semigroup on X by
bracketed words[2]. Let ⌊X⌋ denote the set {⌊x⌋ | x ∈ X}. Thus ⌊X⌋ is a set that is indexed by X but
disjoint with X. Also denote ⌊X⌋(0) = X, ⌊x⌋(0) = x, ⌊X⌋(1) = ⌊X⌋ and ⌊x⌋(1) = ⌊x⌋ by convention.
We then define the set
˜X := ⌊X⌋(0) ⊔ ⌊X⌋ = X ⊔ ⌊X⌋ = {⌊x⌋(k) | x ∈ X, k ∈ {0, 1}}.
Define
H(X) :=
⋃
n>1
˜Xn.
Thus H(X) has the same underlying set as the free semigroup generated by ˜X. So any x ∈ ˜Xn is
of the form
x = ⌊x1⌋
(k1) · · · ⌊xn−1⌋(kn−1)⌊xn⌋(kn),
where xi ∈ X and ki ∈ {0, 1} for i = 1, · · · , n. But instead of the usual concatenation multiplication
for the free semigroup, we will define a different multiplication on H(X).
Let m ∈ N. Then we denote m := m (mod 2) for the residue of m modulo 2. Define a set map
αX on H(X) by defining
αX(x) = ⌊x1⌋(k1+1) · · · ⌊xn−1⌋(kn−1+1)⌊xn⌋(kn+1) for all x = ⌊x1⌋(k1) · · · ⌊xn−1⌋(kn−1)⌊xn⌋(kn) ∈ ˜Xn.
Since ki + 1 is also in {0, 1} for 1 6 i 6 n, αX(x) is in ˜Xn. Thus the set map αX is well-defined. For
n = 1, we have
(1) αX(⌊x⌋(k)) = ⌊x⌋(k+1) for all ⌊x⌋(k) ∈ ˜X.
So in particular, αX(x) = ⌊x⌋ for all x ∈ X. Then we obtain
(2) αX(x) = αX(⌊x1⌋(k1)) · · ·αX(⌊xn−1⌋(kn−1))αX(⌊xn⌋(kn)).
By the definition of αX, we have
(3) α2X = id.
We next define a product ⋄ on H(X) by defining x ⋄ x′ for all x ∈ ˜Xi, x′ ∈ ˜X j where i, j > 1. We
achieve this by applying induction on the sum n := i+ j > 2. If n = 2, then x, x′ are in ˜X, and then
we define x ⋄ x′ := xx′, the concatenation of x and x′. Suppose x ⋄ x′ have been defined for x and
x
′ with n 6 p, and consider x ∈ ˜Xi and x′ ∈ ˜X j with n = p + 1. Write x = ⌊x1⌋(k1) · · · ⌊xi⌋(ki) and
x
′
= ⌊x′1⌋
(t1) · · · ⌊x′j⌋
(t j)
. Then we define
(4) x ⋄ x′ :=
 ⌊x1⌋
(k1)⌊x′1⌋
(t1) · · · ⌊x′j⌋
(t j), if i = 1,
⌊x1⌋
(k1+1)
(
⌊x2⌋
(k2) · · · ⌊xi⌋(ki) ⋄ αX(⌊x′1⌋(t1) · · · ⌊x′j⌋(t j))
)
, if i > 2.
Here the product of x and x′ in the first case is by concatenation. Since ⌊x2⌋(k2) · · · ⌊xi⌋(ki) is in ˜Xi−1
and αX(⌊x′1⌋(t1) · · · ⌊x′j⌋(t j)) is in ˜X j, the sum i + j − 1 is p. Then by the induction hypothesis, the
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second case is well-defined. As a consequence, we obtain the following alternative description of
the product.
(5) x ⋄ x′ = ⌊x1⌋(k1+1)⌊x2⌋(k2+1) · · · ⌊xi−1⌋(ki−1+1)⌊xi⌋(ki)αi−1X (x′).
Lemma 3.2. Let x ∈ ˜Xi with i > 1 and let x = x1x2 where xp ∈ ˜Xip with ip > 0 for p = 1, 2. Then
for x′ ∈ ˜X j we have
(6) x ⋄ x′ = αX(x1)(x2 ⋄ αi1X(x′)).
Proof. Let x = x1x2 ∈ ˜Xi as in the lemma. Then we have i1 + i2 = i. We use induction on i > 2.
For i = 2, we have i1 = i2 = 1. Then x1, x2 are in ˜X. By Eqs. (1) and (4), we obtain
x ⋄ x′ = (x1x2) ⋄ x′ = αX(x1)(x2 ⋄ αX(x′)).
Then Eq. (6) holds. Suppose Eq. (6) has been proved for i > 2 and consider x ∈ ˜Xi+1. Then there
are two cases.
Case 1. i1 = 1: Then by Eqs. (1) and (4) again, we have
x ⋄ x′ = (x1x2) ⋄ x′ = αX(x1)(x2 ⋄ αX(x′)).
Thus Eq. (6) holds.
Case 2. i1 > 1: Then we write x1 = ⌊x⌋(k)xˆ1, where ⌊x⌋(k) ∈ ˜X and xˆ1 ∈ ˜Xi1−1. Then we have
x ⋄ x′ = (⌊x⌋(k)xˆ1x2) ⋄ x′
= ⌊x⌋(k+1)(xˆ1x2 ⋄ αX(x′)) (by Eq. (4))
= αX(⌊x⌋(k))
(
xˆ1x2 ⋄ αX(x′)
)
(by Eq. (1))
= αX(⌊x⌋(k))
(
αX(xˆ1)(x2 ⋄ αi1−1X (αX(x′)))
)
(by the induction hypothesis)
= αX(⌊x⌋(k))αX(xˆ1)
(
x2 ⋄ α
i1
X(x′)
)
= αX(⌊x⌋(k)xˆ1)
(
x2 ⋄ α
i1
X(x′)
)
(by Eq. (2))
= αX(x1)(x2 ⋄ αi1X(x′)).
This completes the inductive proof of Eq. (6). 
By Eq. (4), we have
(7) x ⋄ x′ = xx′ for all x ∈ ˜X, x′ ∈ ˜Xn.
Further by Eq. (2), we get
αX(x ⋄ x′) = αX(xx′) = αX(x)αX(x′) for all x ∈ ˜X, x′ ∈ ˜Xn.
Thus
(8) αX(x ⋄ x′) = αX(x) ⋄ αX(x′) for all x ∈ ˜X, x′ ∈ ˜Xn.
We now state our main result on the free involutive Hom-semigroup constructed by bracketed
words. It will be proved in the next subsection.
Theorem 3.3. Let X be a set. Let jX : X → H(X) be the inclusion map.
(a) The triple (H(X), ⋄, αX) is an involutive Hom-semigroup.
(b) The quadruple (H(X), ⋄, αX, jX) is the free involutive Hom-semigroup on X.
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3.2. The proof of Theorem 3.3. We now prove Theorem 3.3.
3.2.1. The proof of Theorem 3.3 (a). By Eq. (3), we have α2X = id. We next prove
(9) αX(x ⋄ x′) = αX(x) ⋄ αX(x′) for all x ∈ ˜Xi, x′ ∈ ˜X j.
For this we apply induction on the sum i + j > 2. When i + j = 2, we have x, x′ ∈ ˜X. By Eq. (8),
we have αX(x ⋄ x′) = αX(x) ⋄ αX(x′). Assume that Eq. (9) holds for i + j 6 p with p > 2. Consider
x ∈ ˜Xi and x′ ∈ ˜X j with i + j = p + 1. If i = 1, then x ∈ ˜X. By Eq. (8) again, Eq. (9) holds. If
i > 2, then we can write x = ⌊x1⌋(k1)xˆ, where ⌊x1⌋(k1) ∈ ˜X and xˆ ∈ ˜Xi−1. By Lemma 3.2, we get
(10) x ⋄ x′ = αX(⌊x1⌋(k1))(xˆ ⋄ αX(x′)).
Then we have
αX(x ⋄ x′) = αX
(
αX(⌊x1⌋(k1)) (xˆ ⋄ αX(x′))) (by Eq. (10))
= αX
(
αX(⌊x1⌋(k1))
)
αX
(
xˆ ⋄ αX(x′)) (by Eq. (2))
= ⌊x1⌋
(k1)αX(xˆ ⋄ αX(x′)) (by Eq. (3))
= ⌊x1⌋
(k1)(αX(xˆ) ⋄ x′) (by the induction hypothesis and Eq. (3))
=
(
αX(⌊x1⌋(k1))αX(xˆ)
)
⋄ αX(x′) (by Eqs. (3) and (6))
= αX(⌊x1⌋(k1)xˆ) ⋄ αX(x′) (by Eq. (2))
= αX(x) ⋄ αX(x′).
This completes the inductive proof of Eq. (9).
We next verify the Hom-associative law, that is,
(11) αX(x) ⋄ (x′ ⋄ x′′) = (x ⋄ x′) ⋄ αX(x′′), ∀x ∈ ˜Xi, x′ ∈ ˜X j, x′′ ∈ ˜Xℓ, i, j, ℓ > 1.
We prove Eq. (11) by induction on the sum i + j + ℓ > 3. For i + j + ℓ = 3, we have x, x′, x′′ ∈ ˜X.
By Eq. (7), we have αX(x) ⋄ (x′ ⋄ x′′) = αX(x)x′x′′. By Eqs. (3) and (6), we have
(12) (x ⋄ x′) ⋄ αX(x′′) = (xx′) ⋄ αX(x′′) = αX(x)(x′ ⋄ α2X(x′′)) = αX(x)x′x′′.
Thus Eq. (11) holds. Assume that Eq. (11) has been proved for i+ j+ ℓ 6 p with p > 3. Consider
x ∈ ˜Xi, x′ ∈ ˜X j and x′′ ∈ ˜Xℓ with i+ j+ℓ = p+1. We distinguish two cases, depending on whether
or not i = 1.
Case 1. i = 1: Then x is in ˜X. So αX(x) is also in ˜X. Then by Eqs. (3) and (6) again, we have
αX(x) ⋄ (x′ ⋄ x′′) = αX(x)(x′ ⋄ x′′) and (x ⋄ x′) ⋄ αX(x′′) = (xx′) ⋄ αX(x′′) = αX(x)(x′ ⋄ x′′).
Thus Eq. (11) holds.
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Case 2. i > 2: Then we assume x = ⌊x⌋(k)xˆ, where ⌊x⌋(k) ∈ ˜X and xˆ ∈ ˜Xi−1. By the induction
hypothesis, we have
αX(x) ⋄ (x′ ⋄ x′′) =
(
αX(⌊x⌋(k))αX(xˆ)
)
⋄ (x′ ⋄ x′′) (by Eq. (2))
= ⌊x⌋(k)
(
αX(xˆ) ⋄ αX(x′ ⋄ x′′)) (by Eqs. (3) and (6))
= ⌊x⌋(k)
(
αX(xˆ) ⋄ (αX(x′) ⋄ αX(x′′))) (by Eq. (9))
= ⌊x⌋(k)
((xˆ ⋄ αX(x′)) ⋄ x′′) (by the induction hypothesis and Eq. (3))
=
(
αX(⌊x⌋(k)) (xˆ ⋄ αX(x′))) ⋄ αX(x′′) (by Eqs. (3) and (6))
=
((
⌊x⌋(k)xˆ
)
⋄ x′
)
⋄ αX(x′′) (by Eqs. (3) and (6))
= (x ⋄ x′) ⋄ αX(x′′).
This completes the inductive proof of Eq. (11). Thus (H(X), ⋄, αX) is an involutive Hom-semigroup.
3.2.2. The proof of Theorem 3.3 (b). We now prove Theorem 3.3 (b). Let (S , ·, β) be an involutive
Hom-semigroup. Let f : X → S be a set map. We will construct a map f : H(X) → S by defining
f (x) for all x ∈ H(X). We achieve this by defining f (x) for x ∈ ˜Xn by induction on n > 1. For
x ∈ ˜X, we have x = ⌊x⌋(k), where x ∈ X and k ∈ {0, 1}. Then we define
(13) f (x) = βk( f (x)).
Suppose f (x) have been defined for x ∈ ˜Xn with n > 1 and consider x ∈ ˜Xn+1. Then we can write
x = ⌊x⌋(k)xˆ, where ⌊x⌋(k) ∈ ˜X and xˆ ∈ ˜Xn. Then define
(14) f (x) = f (⌊x⌋(k)) · f (xˆ),
which is well-defined by the induction hypothesis. It remains to prove that the map f defined
above is indeed a homomorphism of Hom-semigroups. First we prove that f satisfies
(15) f (αX(x)) = β( f (x)) for all x ∈ ˜Xn.
We prove Eq. (15) by induction on n > 1. For n = 1, x is in ˜X and hence is of the form x = ⌊x⌋(k).
By the definition of f , we have
f (αX(x)) = f (⌊x⌋(k+1)) = βk+1( f (x)) = β(βk( f (x))) = β( f (x)).
Assume Eq. (15) has been proved for n 6 p with p > 1. Let x = ⌊x⌋(k)xˆ ∈ ˜Xp+1, where ⌊x⌋(k) ∈ ˜X
and xˆ ∈ ˜Xp. By the induction hypothesis, together with Eqs. (1), (2), (13) and (14), we have
f (αX(x)) = f (⌊x⌋(k+1)αX(xˆ))
= f (⌊x⌋(k+1)) · f (αX(xˆ))
= βk+1( f (x)) · β( f (xˆ))
= β
(
βk( f (x))
)
· β( f (xˆ))
= β
(
βk( f (x)) · f (xˆ)
)
= β
(
f (⌊x⌋(k)) · f (xˆ)
)
= β( f (x)),
completing the proof of Eq. (15).
8 LI GUO AND SHANGHUA ZHENG
We finally need to verify
(16) f (x ⋄ x′) = f (x) · f (x′) for all x ∈ ˜Xi, x′ ∈ ˜X j.
We use induction on the sum i + j > 2. When i + j = 2, we have x, x′ ∈ ˜X. By the definition of f ,
we have
f (x ⋄ x′) = f (xx′) = f (x) · f (x′).
Assume Eq. (16) holds for i + j 6 p with p > 2. Let x ∈ ˜Xi and x′ ∈ ˜X j with i + j = p + 1. Then
we consider two cases.
Case 1. i = 1: Then x is in ˜X. By the definition of f , we have
(17) f (x ⋄ x′) = f (xx′) = f (x) · f (x′).
Case 2. i > 2: Then we have x = ⌊x⌋(k)xˆ, where ⌊x⌋(k) ∈ ˜X and xˆ ∈ ˜Xi−1. Then we have
f (x ⋄ x′) = f
(
(⌊x⌋(k)xˆ) ⋄ x′
)
= f
(
αX(⌊x⌋(k))(xˆ ⋄ αX(x′))
)
(by Eq. (6) )
= f
(
αX(⌊x⌋(k))
)
· f
(
xˆ ⋄ αX(x′)
)
(by Eq. (14) )
= f
(
αX(⌊x⌋(k))
)
·
(
f (xˆ) · f (αX(x′))
)
(by the induction hypothesis )
= β
(
f (⌊x⌋(k))
)
·
(
f (xˆ) · β( f (x′))
)
(by Eq. (15) )
= ( f (⌊x⌋(k)) · f (xˆ)) · f (x′) (by Hom-associativity and β2 = id )
= f (⌊x⌋(k)xˆ) · f (x′) (by Eq. (14))
= f (x) · f (x′).
This completes the induction. The uniqueness of f follows from Eqs. (13) and (14). Thus the
proof of Theorem 3.3(b) is now completed.
4. Free involutive Hom-associative algebras on a set
We will consider the construction of the free involutive Hom-associative algebra on a set. Let
k denote a commutative ring with identity.
Definition 4.1. (a) A Hom-associative algebra is a triple (A, ·, α) consisting of a k-module
A, a k-linear map · : A ⊗ A → A and a multiplicative linear map α : A → A (namely
α(x · y) = α(x) · α(y)) satisfying the Hom-associativity
(18) α(x)(yz) = (xy)α(z) ∀x, y, z ∈ A.
(b) A Hom-associative algebra (A, ·, α) is called involutive if α2 = id.
(c) Let (A, ·, α) and (B, ∗, β) be two Hom-associative algebras. A k-linear map f : A → B is a
homomorphism of Hom-associative algebras if
f (x · y) = f (x) ∗ f (y) and f (α(x)) = β( f (x)), ∀ x, y ∈ A.
(d) A free involutive Hom-associative algebra on a set X is an involutive Hom-associative
algebra (F(X), ∗, αX) together with a map jX : X → F(X) with the property that, for any
involutive Hom-associative algebra (A, ·, α) together with a map f : X → A, there is a
unique homomorphism f : F(X) → A of Hom-associative algebras such that f = f ◦ jX.
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Let X be a given set. Let (H(X), ⋄, αX) be the free involutive Hom-semigroup on the set
X obtained in Theorem 3.3. Let kH(X) be the free k-module spanned by H(X). We extend
the binary operation ⋄ and the multiplicative map αX to kH(X) by bilinearity and linearity
respectively.
Theorem 4.2. Let X be a given set. Let jX : X → kH(X) be the inclusion map. Then
(a) The triple (kH(X), ⋄, αX) is an involutive Hom-associative algebra.
(b) The quadruple (kH(X), ⋄, αX , jX) is the free involutive Hom-associative algebra on X.
Proof. (a) By Theorem 3.3(a), Item (a) holds.
(b) We can give a direct proof following the one for Theorem 3.3.(b). Alternatively, note that
taking the k-module span of an involutive Hom-semigroup, that is, taking the free k-module
of an involutive Hom-semigroup, is the adjoint functor of the forgetful functor from the category
InvHomAs of involutive Hom-associative algebras to the category InvHomSg of involutive Hom-
semigroups, by forgetting the additive structure. On the other hand, the free construction in
Theorem 3.3.(b) provides the adjoint functor of the forgetful functor from InvHomSg to the
category Set of sets.
Now the forgetful functor from the category InvHomAs to the category Set is the composition
of the forgetful functor from InvHomAs to InvHomSg and the forgetful functor from InvHomSg
to Set. As is well-known (see for example [8, Theorem 1, p. 101]), the adjoint functor of a
composed functor is the composition of the adjoint functors. Therefore the functor that assigns
X ∈ Set to kH(X) ∈ InvHomAs is the adjoint functor of the forgetful functor from InvHomAs
to Set. This proves Item (b). 
In a forthcoming paper [3], we will continue the study of free Hom-associative algebras and
apply it to investigate enveloping Hom-associative algebras [17] of Hom-Lie algebra, in particular
on the Poincare´-Birkhoff-Witt type theorem for the enveloping Hom-associative algebras.
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